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Abstract—Maritime Air-to-Sea links are dominated by a line-
of-sight ray and a sea-surface reflected ray whose destructive
combination produces deep fades. Existing mitigation strategies
optimize Unmanned Aerial Vehicle position or trajectory but
leave attitude unexploited. This paper treats the full three-
dimensional attitude as a physical-layer control variable that
shapes the two-ray interference through antenna phase-center
displacement. Under small-angle and far-field assumptions, the
constructive-interference condition reduces to an affine con-
straint in the Euler angles and admits a closed-form family
of minimum-norm attitude candidates. A differentiable soft-
minimum rule yields a smooth reference tracked by a con-
strained Nonlinear Model Predictive Control controller on a
fully-actuated tilting multirotor. The proposed scheme increases
cumulative throughput by 11.4% over a pitch-only benchmark
and 22.2% over a zero-orientation baseline, while preserving
trajectory tracking and respecting actuator limits.

I. INTRODUCTION

Reliable wireless connectivity over open sea is a critical
enabler for offshore monitoring, search-and-rescue, infrastruc-
ture inspection, and beyond-visual-line-of-sight logistics [1],
[2]. Unmanned Aerial Vehicles (UAVs) are well suited to such
missions as rapidly deployable aerial nodes [3], and a large
body of work has addressed UAV-enabled communications
through channel characterization, deployment, and trajectory
design [3], [4]. Maritime links, however, exhibit propagation
mechanisms markedly different from terrestrial settings: the
Line-of-Sight (LoS) component is typically strong, and the
dominant additional component is the sea-surface reflection,
yielding the classical two-ray interference pattern 1 and its
curved-earth refinements [5]–[7]. The resulting deep fades can
severely degrade link quality even when average path loss is
moderate [6].

A defining feature of two-ray Air-to-Sea (A2S) channels
is their extreme sensitivity to geometry: small changes in
platform position or orientation produce non-negligible vari-
ations in the relative phase between the LoS and reflected
paths, and therefore large instantaneous Signal-to-Noise-Ratio
(SNR) fluctuations [8], [9]. Instantaneous link performance
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1The two-ray model superposes a LoS ray and a sea-surface reflection
whose relative phase produces deep fades.

can thus deviate substantially from average path-loss pre-
dictions, and pose-induced perturbations become part of the
effective channel dynamics. Beyond planning where the UAV
should fly, this raises the natural question of whether how it
is oriented can be exploited to actively regulate the dominant
interference mechanism.

Most existing designs mitigate two-ray fading indirectly
by optimizing position, altitude, and trajectory [3], while
measurement-driven models describe deep fades without ex-
ploiting them [5], [6]. A critical aspect remains under-
exploited: treating UAV attitude as a controllable degree
of freedom that intentionally shapes the instantaneous two-
ray interference condition. Our work takes the same phys-
ical insight as [8]—that attitude variations perturb the an-
tenna phase-center location and hence the two-ray phase
difference—but inverts its use: whereas [8] characterizes the
attitude jitter as a random process, we treat the attitude as
a control input, computing a deterministic 3D Euler-angle
reference that proactively steers the two-ray phase toward con-
structive interference. Unlike pose optimization in adversarial
settings [10]–[12], our objective is the deterministic phase
relationship of the two-ray geometry, which yields a closed-
form expression for the optimal attitude.

This paper extends the emerging viewpoint of
communications-aware robotics, in which motion and control
are co-designed with communication objectives [13], [14]. In
long-range maritime regimes, centimeter-scale pose-induced
antenna displacements produce appreciable phase shifts at
typical carrier wavelengths (e.g., λ ≈ 10 cm at 3GHz),
moving the operating point across constructive/destructive
interference fringes. We design an attitude strategy that
(i) yields an explicit 3D Euler-angle reference maximizing
instantaneous received SNR under small-angle and far-field
assumptions, and (ii) is tracked by a constrained controller
that preserves mission-level motion objectives. Fully-actuated
multirotor platforms [15], [16] are key enablers, as they
decouple attitude regulation from translational authority. We
adopt Nonlinear Model Predictive Control (NMPC) [17],
[18] with established real-time numerical schemes [12], [18]
to handle dynamics, constraints, and reference tracking in a
unified problem.

The main contributions of this paper are as follows:
• 3D orientation-aware A2S two-ray model: We extend

the two-ray model to capture how roll, pitch, and yaw
displace the antenna phase center and shift the instan-
taneous interference condition, exposing attitude as a
communication control variable.



Figure 1: 2D vertical cross-section with pitch-only motion;
The antenna center phase is depicted as a blue marker.

• Closed-form Euler-angle optimization: Under small-
angle and far-field assumptions, the constructive-
interference condition reduces to an affine con-
straint in the Euler angles, governed by a geometry-
dependent phase-sensitivity vector that yields closed-
form minimum-norm attitude candidates.

• Smooth 3D attitude reference law: A differentiable
soft-minimum rule selects the smallest feasible candidate
among constructive-interference solutions, avoiding dis-
continuous switching while remaining compatible with
real-time control.

• Communications-aware NMPC tracking: The result-
ing reference is embedded in a constrained NMPC con-
troller for a fully-actuated tilting multirotor, enabling si-
multaneous trajectory tracking and link-quality enhance-
ment without modifying the position reference.

II. SYSTEM MODEL

We consider a UAV communicating with a ship through an
A2S two-ray channel (see Fig. 1). We adopt an inertial world
frame FW whose z-axis is vertical and whose origin is set at
the UAV flight altitude, so that points below it have negative
z-coordinates; in particular, the sea surface is at z = −20 m.

A. Two-ray channel model

We adopt the standard two-ray A2S abstraction [8]: (i) the
received signal is the superposition of a direct LoS ray and
a single sea-surface specular reflection; (ii) the reflection is
modeled by a constant magnitude factor γ ∈ (0, 1) and an
additional π phase shift; (iii) sea-state-induced diffuse scatter-
ing, shadowing by waves and ship superstructure, polarization
mismatch, and Doppler are neglected. Both ends are equipped
with isotropic antennas, assumed for analytical tractability.
These simplifications isolate the geometric mechanism that
governs deep fades and admit closed-form orientation laws.

Let H be the altitude of the UAV antenna phase center,
h that of the ship antenna, and L the horizontal separa-
tion between them. The LoS and specular path lengths are
dLoS =

√
L2 + (H − h)2 and dref =

√
L2 + (H + h)2. The

reflected-minus-direct phase difference is ∆Φ = 2π
λ

(
dref −

dLoS
)
, where λ is the carrier wavelength. The two-ray base-

band channel coefficient is [8]

g = λ
4π

(
d−1
LoS + γ d−1

ref e
−j(∆Φ+π)

)
, (1)

and the received power is Pr = Pt|g|2, with Pt the transmit
power. Deep fades arise when the two contributions combine
destructively, i.e., when ∆Φ ≈ 2πm for some m ∈ Z, in
which case the π reflection phase causes near-cancellation
despite both rays being individually strong.

B. Orientation-dependent channel
Equation (1) treats the UAV as a point. We now make

the dependence on attitude explicit. Let pU ∈ R3 be the
position of the UAV Center of Mass (CoM) in FW , and let
η = [ϕ, ϑ, ψ]⊤ collect the roll, pitch, and yaw angles defining
the body frame FB . The antenna phase center is mounted at
a fixed offset ra ∈ R3 in FB , so its world-frame position is

pa(η) = pU +R(η)ra, (2)

where R(η) ∈ SO(3) is the body-to-world rotation matrix.
The ship antenna is located at ps = [xs, ys, h]

⊤. Treating
the sea as a horizontal infinite reflector, the image-source
method places the virtual receiver at pim

s = [xs, ys,−h]⊤,
so that the orientation-dependent path lengths are

dLoS(η) = ∥ps − pa(η)∥, dref(η) = ∥pim
s − pa(η)∥. (3)

The phase difference and channel coefficient inherit the ori-
entation dependence:

∆Φ(η) = 2π
λ

(
dref(η)− dLoS(η)

)
, (4)

g(η) = λ
4π

(
d−1
LoS(η) + γ d−1

ref (η) e
−j(∆Φ(η)+π)

)
. (5)

At η = 0, eqs (4)–(5) recover the static model of Sec. II-A.
The attitude thus enters the channel through both the path-
length and the phase term; in the far-field maritime regime
considered here, the phase term dominates (see Sec. III).

Since Pr ∝ |g(η)|2, maximizing the received power
amounts to selecting the attitude

η⋆ ∈ argmax
η∈E

∣∣g(η)∣∣2, (6)

where E ⊂ R3 is the admissible Euler-angle set imposed by
mechanical limits, flight safety, and the small-angle operating
regime adopted below. Problem (6) is non-convex due to
the trigonometric dependence of R(η), dLoS, and dref on η.
Section III derives a tractable closed-form approximation.

III. CLOSED-FORM 3D ORIENTATION OPTIMIZATION

The exact problem (6) is non-convex. We derive a tractable
closed-form approximation by exploiting two regularities of
long-range maritime A2S links: the attitude corrections of
interest are small, and the link distance is large compared to
the antenna offset. Section III-A states these assumptions and
linearizes the two-ray phase. Section III-B uses the linearized
model to obtain a closed-form family of minimum-norm
attitude candidates that enforce constructive interference at
leading order.



A. Far-field small-angle regime

(A1) Small-angle regime: The required attitude corrections
satisfy ∥η∥ ≪ 1 rad, so that the rotation matrix admits the
first-order expansion

R(η) ra = ra + Ja η +O(∥η∥2), (7)

where Ja = −[ra]× ∈ R3×3 is the negative skew-symmetric
matrix associated with ra, with columns −ei × ra for i =
1, 2, 3.

(A2) Far-field regime: The link distance is large compared
to the antenna offset, ∥ps − pa,0∥ ≫ ∥ra∥, where pa,0 =
pa(0). Under this assumption, the rays in a neighborhood of
the nominal antenna position can be treated as locally parallel,
with directions

uLoS =
ps − pa,0

∥ps − pa,0∥
, uref =

pim
s − pa,0

∥pim
s − pa,0∥

. (8)

Under (A1)–(A2), the path-length variations with respect
to the nominal pose are well approximated by projecting
the antenna displacement (7) onto these directions, yielding
an affine model of the two-ray phase derived in the next
subsection.

B. Closed-form minimum-norm candidates

Expanding the squared magnitude of (5) gives

|g(η)|2 =

(
λ

4π

)2(
1

d2LoS(η)
+

γ2

d2ref(η)
−

2γ cos
(
∆Φ(η)

)
dLoS(η) dref(η)

)
. (9)

Under (A1)–(A2), the path-length factors in (9) vary at
O(∥η∥) relative to their nominal values, while the cosine term
varies at O(1) as ∆Φ traverses one fringe. The dominant
orientation dependence is therefore carried by the phase
term, and maximizing |g(η)|2 at leading order reduces to
minimizing cos(∆Φ(η)). The minimum is attained when the
two contributions to (5) combine constructively, despite the π
reflection phase shift, i.e., when ∆Φ(η) ∈ {(2m+1)π : m ∈
Z}.

The following theorem makes this precise and yields a
closed-form family of minimum-norm attitude candidates.

Theorem 1 (Closed-form 3D constructive-interference at-
titudes) Under assumptions (A1)–(A2), the two-ray phase
admits the affine approximation

∆Φ(η) = ∆Φ0 + k⊤η +O(∥η∥2), (10)

with ∆Φ0 = ∆Φ(0) and phase-sensitivity vector

k =
2π

λ
J⊤
a

(
uLoS − uref

)
. (11)

Assume k ̸= 0. Then, at leading order in ∥η∥, the attitudes
that maximize |g(η)|2 form the family of hyperplanes

k⊤η = Cm, Cm = (2m+ 1)π −∆Φ0, m ∈ Z, (12)

and the minimum-norm attitude on each hyperplane is

ηm =
Cm

∥k∥2
k. (13)

If ηm ∈ E , then ηm is the feasible attitude of smallest
Euclidean norm enforcing constructive interference at leading
order.

Proof. See Appendix A. ■
The vector k quantifies the first-order sensitivity of the

two-ray phase to roll, pitch, and yaw. Its direction defines
the locally most efficient axis of attitude correction, and its
magnitude scales inversely with the angular effort required
to traverse one interference fringe. The candidates (13) are
aligned with k and indexed by the integer m, which selects
the fringe to be matched.

Remark 1 (Degenerate case) The condition k = 0 occurs
when J⊤

a (uLoS − uref) = 0, i.e., when the difference of
unit directions toward the receiver and its image lies in the
null space of J⊤

a . Geometrically, this means no infinitesimal
rotation displaces the antenna along the direction that dis-
tinguishes the LoS and reflected rays, so the two-ray phase
is not first-order controllable through attitude. The controller
defaults to η⋆ = 0, and link improvement must be sought
through translational motion.

C. Smooth attitude reference law

Theorem 1 yields a countable family of constructive-
interference candidates {ηm}m∈Z. Two practical issues arise.
First, the small-angle assumption (A1) restricts attention to
candidates with sufficiently small norm, motivating a trunca-
tion to a finite index set M ⊂ Z chosen so that the induced
candidate set {ηm}m∈M spans the admissible range. Second,
the candidates compatible with the mechanical and operational
box E form the feasible subset Mf =

{
m ∈ M : ηm ∈ E

}
.

The natural reference is the feasible candidate of smallest
norm, ηm⋆ with m⋆ = argminm∈Mf

∥ηm∥, which preserves
consistency with (A1) and minimizes deviation from the trim
attitude. Selecting ηm⋆ via argmin, however, is discontinuous
in the candidates: as the link geometry evolves along the
mission, two candidates may swap rank, causing the reference
to jump and inducing transients that the tracking controller
must absorb. We therefore replace argmin by a differentiable
approximation.

Lemma 1 (Soft minimum-norm selection) Let {ηm}m∈Mf

be a finite, nonempty set of feasible candidates with a unique
minimum-norm element ηm⋆ . For τ > 0, define

η⋆
τ =

∑
m∈Mf

ηm e−τ∥ηm∥2∑
m∈Mf

e−τ∥ηm∥2 . (14)

Then η⋆
τ is a C∞ function of {ηm}m∈Mf

for every τ > 0,
and limτ→∞ η⋆

τ = ηm⋆ .
Proof. See Appendix B. ■
The reference η⋆

τ is aligned with k and varies smoothly with
the link geometry through the candidates (13); its magnitude
is the soft-min-weighted distance to the nearest constructive-
interference fringe. The temperature τ trades selectivity
against smoothness: large τ recovers the hard argmin at the
cost of stiffer transitions, while small τ averages neighboring
candidates and may slightly miss the optimal fringe. In Sec. V,



τ is tuned to the timescale of the geometric variations, and M,
E are sized so that Mf is nonempty throughout the mission.
In the degenerate cases Mf = ∅ or non-unique minimum-
norm element, η⋆

τ converges respectively to the projection
of η0 onto E or to the centroid of the minimizing set, both
continuous in the link geometry.

IV. OPTIMAL CONTROL PROBLEM

The UAV is modeled as a fully actuated Generalized Tilting
Multirotor (GTMR) [15], [16], whose continuous-time rigid-
body dynamics admit the standard Newton–Euler form ẋ =
h(x,u), with state x = [p⊤,η⊤,v⊤,ω⊤]⊤ ∈ R12 collecting
position, Euler angles η = [ϕ, ϑ, ψ]⊤, translational velocity,
and body-frame angular velocity, and control input u = Ω ∈
RNp given by the squared rotor speeds. Full actuation, ensured
by the GTMR geometry, decouples attitude regulation from
translational authority, so the communication-driven attitude
reference of Sec. III-C can be tracked without compromising
the position trajectory.

The UAV employs NMPC [12], [18] to track the desired
mission state subject to the dynamics, actuator limits, and op-
erational constraints, embedding the communication-optimal
attitude reference η⋆

τ from (14) into the tracking objective at
each control update.

1) Discrete-time formulation and stage cost: Let Ts > 0
be the sampling period and N the prediction horizon. The
continuous-time dynamics are discretized via one-step inte-
gration xr+1 = hd(xr,ur) for r ∈ {0, . . . , N − 1}, where
hd denotes the discrete-time state transition map. At each
prediction step r, denote by pd,r the desired position and by
η⋆
d,r the communication-optimal attitude reference computed

from (14) for the predicted geometry at step r.
The stage cost is the quadratic ℓr = ∥pd,r−pr∥2Qp

+∥η⋆
d,r−

ηr∥2Qη
+ ∥vr∥2Qv

+ ∥ωr∥2Qω
+ ∥ur∥2Qu

, with Qp,Qη ≻ 0
tracking weights and Qv,Qω,Qu ⪰ 0 regularization weights
that penalize aggressive maneuvers, smooth the actuator com-
mands, and improve numerical conditioning. The terminal
cost ℓN has the same form (without the input term) with
weights Qp,N ,Qη,N ,Qv,N ,Qω,N , yielding the finite-horizon
objective J =

∑N−1
r=0 ℓr + ℓN .

2) Optimal control problem: Let k ∈ N index control
updates at real time tk = kTs. At each tk, the NMPC solves

min
{ur}N−1

r=0

J =

N−1∑
r=0

ℓr + ℓN (15a)

s.t. x0 = x(tk), (15b)
xr+1 = hd(xr,ur), r = 0, . . . , N − 1, (15c)
pr ∈ A, ηr ∈ E , r = 0, . . . , N, (15d)
v ≤ vr ≤ v, ω ≤ ωr ≤ ω, r = 0, . . . , N, (15e)

Ω ≤ ur ≤ Ω, r = 0, . . . , N − 1. (15f)

The set A ⊂ R3 defines the admissible operational region;
E ⊂ R3 constrains the Euler angles to mechanically admissi-
ble values consistent with assumption (A1); and the bounds
{v,v}, {ω,ω}, {Ω,Ω} encode actuator and safety limits.

The first input u⋆
0 of the optimal sequence is applied to the

UAV, and the problem is re-solved at tk+1 in receding-horizon

fashion. Real-time tractability is achieved through standard
sequential quadratic programming with the real-time iteration
scheme [12], [18]; the implementation details are given in
Sec. V.

V. NUMERICAL RESULTS

We evaluate the proposed controller in a maritime A2S
scenario governed by the two-ray model. To exercise the
3D orientation law across a time-varying relative bearing,
the UAV tracks a horizontal circular trajectory of radius R
centered at (x0 −R, y0, z0), parameterized as pd(t) = (x0 −
R+R cos(2πs(t)), y0 +R sin(2πs(t)), z0) with the smooth
time-warp s(t) = 1

2

[
1−cos(πt/T )

]
, t ∈ [0, T ], ensuring jerk-

free start/stop kinematics. The ship moves at constant speed
along the x-axis from ps,0 to ps,N . The communication-
optimal reference η⋆

d,r is computed offline from (14) along
the planned geometry and supplied to the NMPC for online
tracking.

Simulations run in MATLAB using the MATMPC toolbox2

with a fixed-step fourth-order Runge–Kutta integrator and
qpOASES3 as the solver. Parameters are listed in Table I.
We compare three controllers: the proposed 3D orientation-
aware design, a pitch-only benchmark (ϕ = ψ = 0, only
ϑ optimized), and a zero-orientation baseline (η ≡ 0).
Performance is measured by the channel gain |g(η)|2, the
SNR-outage fraction across thresholds, and the cumulative
throughput C(tk,η) =

∑k
i=0 Ts log2

(
1 + Pt|g(η(ti))|2/σ2

)
.

Communication performance. Fig. 2 confirms that all
three controllers execute the prescribed circular trajectory
while the ship moves laterally. As the relative bearing varies,
the two-ray interference pattern sweeps through fringes, pro-
ducing the deep, periodic fades visible in Fig. 3(a) for the
zero-orientation baseline. The pitch-only benchmark partially
mitigates these fades, whereas the 3D controller better aligns
the antenna direction with k and sustains a higher channel
gain over the mission. Using the channel-gain profiles reported
in Fig. 3(a), we compute the total transmitted data over
the whole mission. This calculation shows that the proposed
scheme transmits 11.4% and 22.2% more data than the pitch-
only and zero-orientation benchmarks, respectively. Fig. 3(b)
reports the outage fraction over a range of SNR thresholds:
the 3D controller dominates uniformly, indicating not only
higher mean gain but also fewer deep-fade events that cause
loss-of-link.

Attitude tracking and feasibility. Fig. 4 compares the
tracked Euler angle errors against the offline reference. A non-
negligible tracking residual is visible: the reference fluctuates
on a timescale faster than the closed-loop bandwidth permits
under the actuator and small-angle constraints. This is the
expected trade-off between tracking fidelity and dynamical
feasibility—and notably, partial tracking already realizes the
bulk of the achievable communication gain, since the con-
troller still steers the antenna phase center along k, just with

2https://github.com/chenyutao36/MATMPC
3https://github.com/coin-or/qpOASES

https://github.com/chenyutao36/MATMPC
https://github.com/coin-or/qpOASES


Table I: Simulation parameters
UAV platform

Mass m 2.57 kg
Inertia J diag(0.11, 0.11, 0.19) kg ·m2

Antenna offset ra [0.39, 0.39, 0.195]⊤ m
Rotor speed bounds [Ω, Ω̄] [16, 100] Hz

Channel and scenario
Carrier fc, reflection γ 3 GHz, 0.8
Ship antenna height h 10 m

Ship endpoints ps,0, ps,N [90, 0, −20]⊤ , [100, 0, −20]⊤ m
Trajectory radius R, duration T 2.65 m, 40 s
Transmit power Pt, noise σ2 10 dBm, −80 dBm

NMPC
Sampling Ts, horizon N 0.02 s, 30
Position weight Qp=Qp,N 100 I3
Attitude weight Qη=Qη,N 50 I3
Velocity weight Qv=Qv,N I3
Angular-rate weight Qω=Qω,N 10 I3
Input weight Qu 3.2×10−8 I6
Velocity bounds [v, v] ±[1, 1, 1]⊤ m/s
Angular-rate bounds [ω, ω] ±[1, 1, 1]⊤ rad/s
Euler-angle bounds E ±[15, 15, 15]⊤ deg

Soft-min hyperparameters
Temperature τ , candidate set M 7, {−50, . . . , 50}

(a) 3D trajectory of the UAV and the ship.
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(b) Position coordinates versus time.
Figure 2: 3D and planar trajectories of the UAV (blue) and
the ship (red). Markers indicate start (green/cyan) and end
(red/magenta) positions.

a delay. Figs. 5–7 confirm feasibility throughout the mission:
linear velocities, angular rates, and rotor speeds remain within
their bounds, and actuator profiles evolve smoothly without
chattering.

The 3D formulation generalizes the vertical-plane model,
exploits the full attitude authority of the GTMR, and improves
real-time link quality without sacrificing the primary motion
task.
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Figure 3: Channel gain (a) and SNR-outage fraction (b) for
the three controllers.
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(a) Communication-optimal Euler-angles refer-
ence.
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Figure 4: Attitude tracking performance of the 3D
communications-aware orientation law.

VI. CONCLUSIONS

This paper treated UAV attitude as a control variable
for shaping the two-ray interference in maritime A2S links.
Under small-angle and far-field assumptions, the constructive-
interference condition reduces to an affine constraint in
the Euler angles, yielding closed-form minimum-norm atti-
tude candidates governed by a geometry-dependent phase-
sensitivity vector. A differentiable soft-minimum rule converts
this discrete family into a smooth reference tracked by a
constrained NMPC controller on a fully-actuated tilting mul-
tirotor. Simulations of a maritime scenario showed cumula-
tive throughput gains of 11.4% and 22.2% over pitch-only
and zero-orientation benchmarks, while preserving trajectory
tracking and respecting actuator limits. Future work will
extend the model to rough sea states, time-varying reflection
coefficients, pose-estimation uncertainty, and onboard experi-
mental validation.
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Figure 5: Linear velocity components.

0 10 20 30 40

Time [s]

-1

-0.5

0

0.5

1

A
ng

ul
ar

 v
el

oc
iti

es
 [r

ad
/s

]

Figure 6: Angular velocity components.

APPENDIX

A. Proof of Theorem 1

Affine phase model. From (2)–(7), pa(η)− pa,0 = Jaη +
O(∥η∥2). For any fixed q ̸= pa,0, the distance dq(η) =
∥q−pa(η)∥ admits the first-order expansion dq(η) = dq(0)−
u⊤
q Jaη + O(∥η∥2), where uq = (q − pa,0)/∥q − pa,0∥.

Specializing to q ∈ {ps,p
im
s } and substituting into (4) yields

∆Φ(η) = ∆Φ0 +
2π
λ (uLoS − uref)

⊤Jaη +O(∥η∥2), (16)

which is (10) by the definition of k in (11).
Minimum-norm constructive-interference attitudes. The co-

efficient of cos(∆Φ(η)) in (9) is negative, so maximizing
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Figure 7: Rotor speed commands.

|g(η)|2 at leading order is equivalent to enforcing ∆Φ(η) =
(2m+1)π, equivalently k⊤η = Cm via (10). The minimum-
norm element on this hyperplane solves minη∈R3

1
2∥η∥

2

s.t. k⊤η = Cm, a strictly convex QP with KKT solution
ηm = (Cm/∥k∥2)k, which is (13). ■

B. Proof of Lemma 1
The soft weights wm(τ) = e−τ∥ηm∥2

/
∑

ℓ∈Mf
e−τ∥ηℓ∥2

satisfy wm(τ) > 0 and
∑

m wm(τ) = 1, so (14) is the convex
combination η⋆

τ =
∑

m∈Mf
wm(τ)ηm, smooth in {ηm} for

every τ > 0. Let m⋆ be the unique minimizer of ∥ηm∥. For
m ̸= m⋆, wm(τ)/wm⋆(τ) = exp(−τ(∥ηm∥2 − ∥ηm⋆∥2)) →
0 as τ → ∞, so wm⋆(τ) → 1 and η⋆

τ → ηm⋆ . ■
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