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Sensitivity-Based Tube NMPC for Cooperative Aerial Structures Under
Parametric Uncertainty
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Abstract— This paper presents a sensitivity-based tube Non-
linear Model Predictive Control (NMPC) framework for coop-
erative aerial chains under bounded parametric uncertainty. We
consider a planar two-vehicle chain connected by rigid links,
modeled with input-rate actuation to enforce slew-rate and mag-
nitude limits on thrust and torque. Robustness to uncertainty
in link mass, length, and inertia is achieved by propagating
first-order parametric state sensitivities along the horizon and
using them to compute online constraint-tightening margins.
We robustify an inter-link separation constraint, implemented
via a smooth cosine embedding, and thrust-magnitude bounds.
The method is implemented in MATLAB and evaluated with
boundary-hugging maneuvers and Monte-Carlo uncertainty
sampling. Results show improved constraint margins under
uncertainty with tracking performance comparable to nominal
NMPC.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAVs) are widely used for
inspection and monitoring thanks to rapid deployment and
access to confined or otherwise hard-to-reach environments
[1], [2]. An increasing number of applications are inher-
ently constraint-critical, including close-range inspection
[3], contact-aided sensing [4], and operation near extended
assets [2]. In such tasks, safety and success depend on
respecting geometric and actuation limits rather than solely
tracking a nominal trajectory. Even short-lived constraint
violations may be unacceptable.

Aerial physical interaction is commonly studied under
the umbrella of aerial manipulation. The term includes
both aerial robots equipped with manipulators (e.g., arms
or grippers) and cooperative multi-vehicle systems where
interaction emerges from distributed thrust and internal-force
regulation. Surveys [1], [2] consistently identify constraint
satisfaction under uncertainty as a key challenge for aerial
manipulation, especially near obstacles and actuator limits
and when the task involves orientation variables subject to
periodicity.

In this work, we focus on cooperative aerial structures [1],
[5], where manipulation capability is achieved through actua-
tion distributed across multiple aerial vehicles interconnected

This work was partially funded by the research fund for the Italian
Electrical System (decree n. 388, Nov. 6th, 2024), the EU’s HE AU-
TOASSESS project no. 101120732, the GACR project no. 26-22419S,
and ANR-23-CE33-0013 “FlyHandyBot”. Ricerca sul Sistema Ener-
getico S.p.A., Milan, Italy, and Czech Technical University, Prague,
Czechia (e-mail: silangiu@fel.cvut.cz). 2University of Twente,
Enschede, The Netherlands (emails: g.l.g.sable@utwente.nl,
schol@r—franchi.eu). 3University of Rennes, CNRS, Inria, IRISA,
35042, France (e-mail: marco.tognon@inria.fr). 4University
of Sannio, Benevento, Italy (e-mail: luiannel@unisannio.it).
5Sapienza University of Rome, Rome, Ttaly.

—Uy

MR, JZw I

—[rZB)

TR,

—Mpr, 92w

Fig. 1: Representation of the coope}ative aerial structure and
its main variables. The system is depicted in an example
manipulation scenario, where the gray box represents a
surface for, e.g., a pick-and-place task [7].

by rigid links. A minimal yet representative example is a
chain of two underactuated aerial robots connected through
a rigid bar [6], [7] (see Figure 1), whose control objectives
typically include both motion regulation and internal-stress
management. Larger-scale realizations, such as distributed-
rotor aerial skeletons [8], further motivate control designs
that can handle strong dynamic coupling and constraint
activation in a systematic manner.

The same properties that make cooperative aerial struc-
tures attractive also make them difficult to control [1],
[2]. Their dynamics are nonlinear and strongly coupled:
link geometry, internal forces, and thrust directions inter-
act, and the overall system is underactuated. Moreover,
unavoidable mismatch in structural parameters (e.g., effective
mass, length, and inertia) can significantly alter the predicted
evolution of constraint-relevant quantities. As a consequence,
a nominal controller may satisfy constraints for the nominal
model while violating them on the physical system [9], [10].
This motivates robust Model Predictive Control (MPC) [11],
[12]: among its formulations, tube MPC [12]-[15] tightens
constraints to keep the true system feasible for all admissible
uncertainties.

For nonlinear systems, however, computing tubes ex-
actly is generally intractable online, motivating practical
approximations based on local linearization and sensitivity
propagation [16]. Sensitivity-based tightening [16]-[18] pro-
vides a computationally efficient mechanism for estimating
uncertainty-induced constraint variation, but its use for coop-




erative aerial chains with distributed actuation and nonlinear
geometric constraints has not been explored, yet.

This paper develops a sensitivity-based tube Nonlinear
Model Predictive Control (NMPC) formulation for a planar
cooperative aerial structure and studies robust constraint sat-
isfaction under bounded parametric uncertainty in structural
properties. The main contributions are as follows. First,
we adopt an input-rate NMPC formulation that enables
direct enforcement of actuator slew-rate limits and ensures
smooth actuation profiles. Second, we augment the predic-
tion model with first-order parametric state sensitivities to
propagate uncertainty effects online. Third, we use these
sensitivities to compute constraint-tightening margins for
nonlinear constraints, yielding a computationally tractable
tube NMPC formulation. Finally, we validate the approach
through boundary-hugging maneuvers and Monte-Carlo sim-
ulations, demonstrating improved constraint robustness un-
der parametric uncertainty while preserving tracking perfor-
mance.

While the tightening mechanism applies to general non-
linear constraints, we focus on two representative classes.
The first is an inter-link angular separation constraint, which
prevents physically undesirable near-aligned configurations
and is naturally expressed using periodic functions of a
relative angle; such constraints must be treated carefully
in optimization-based controllers because non-smooth wrap-
ping at branch cuts can compromise linearization-based
bounds [19]. The second class comprises thrust-magnitude
limits, which are smooth but dynamically coupled constraints
that often become active during aggressive maneuvers or
under model mismatch, providing a complementary test case
for the proposed tightening strategy.

The proposed approach is deterministic and targets
bounded parametric uncertainty in structural properties of
a cooperative aerial chain. Unlike min—-max robust NMPC
formulations (see, e.g., [9], [10]), it retains the computa-
tional structure of nominal NMPC and introduces robustness
through sensitivity propagation and constraint tightening,
which can be implemented efficiently within standard non-
linear optimization frameworks.

A. Related work

Cooperative aerial manipulation is an alternative to arm-
equipped single-UAV platforms when payload limits, actua-
tion redundancy, or geometric scalability are critical [1], [2].
A canonical benchmark is the two-UAV rigid-link chain of
[7], while distributed-rotor aerial skeletons such as LASDRA
[8] extend the same distributed-actuation principle to larger
structures. Hence, we adopt the two-UAV chain as a minimal
archetype and focus on robustness to parametric uncertainty
and constraint satisfaction.

NMPC is a standard framework for nonlinear constrained
systems [9], [10] and has been applied to aerial robots with
tight actuation limits and aggressive maneuvers, including
input-rate formulations based on actuator dynamics [20].
It has also been demonstrated for online constrained end-
effector tracking in aerial manipulation [21]. In contrast to

TABLE I: Notation summary.

Description

Extended state and its stage
X Augmented state [x T, vec(IT)T]T

u, u; Input rate (thrust/torque derivatives) and its stage
tr, Ts, N Sample time index, sampling period, horizon length
P, po, P Uncertain parameters, nominal value, uncertainty set
II, I1; State sensitivities 9x/0p

I1, Constraint sensitivity dy/0p

Tightening margin, regularization constant
Constraint function and bound

Wp Uncertainty weighting matrix
Discrete-time state and sensitivity maps
Stage/terminal costs

QN Output-tracking weights

h(-), hy(-)  Stage/terminal output maps
Vi, YN Predicted outputs

r;,, ry Stage/terminal references
X, U Admissible state/input sets

nominal formulations, we propagate parametric sensitivities
online to enable constraint tightening.

Robust MPC and tube-based formulations enforce con-
straint satisfaction under bounded uncertainty [12], [13]. For
nonlinear systems, exact tube computation is generally in-
tractable in real time, motivating approximations based on lo-
cal linearization and sensitivity propagation [16]. Sensitivity-
based tightening offers a practical trade-off between con-
servatism and tractability [11], [17]. Accordingly, we study
it for cooperative aerial chains with distributed actuation,
internal-force coupling, and wrapped geometric constraints,
and validate it under boundary-hugging maneuvers.

II. SYSTEM AND UNCERTAINTY MODEL

We consider a planar cooperative aerial structure com-
posed of two underactuated aerial robots connected in series
by two rigid links, i.e., a chain of two vehicles attached to
a fixed point through links of constant lengths ¢; and /s, as
depicted in Figure 1. The setup follows the modeling line
of [7]: each link is connected to the corresponding vehicle
center of mass through a passive joint, so that no rotational
constraints are imposed at the attachment points.

The system evolves on the vertical plane (xy, z) under
four control inputs (two per robot). For each robot j €
{1,2}, the thrust magnitude fr, € R generates the force
—[r, zB; along the body-fixed thrust direction zp;, and
the body torque magnitude 7r, € R generates the pitching
moment —7g; Yg, about the out-of-plane axis Ys;» where
zp, and yp, denote body-frame unit vectors [7].

The configuration is described by the generalized coor-
dinates q = [, 97T = [p1,02,91,02]T € R*, where
©; € R denotes the elevation angle of the j-th link (measured
with respect to (w.r.t.) the zy, axis) and ¥; € R denotes the
pitch angle of the j-th vehicle. Their time derivatives are
denoted by ¢; and 19J

In addition, we denote by ij € R the internal force
acting along the longitudinal direction of the j-th link (link
stress), with f7, > 0 corresponding to tension and fr, <0
to compression. In the considered model, fr, is treated as
an algebraic output obtained from the predicted state and



actuation variables; it can therefore be constrained within
the NMPC framework when stress limits are imposed.

Unless otherwise stated, the modeling assumptions follow
[7]: (i) link masses and rotational inertias are negligible w.r.t.
those of the vehicles (verified for lightweight carbon-fiber
rods of mass < mg,), (ii) link lengths ¢; € R~ are constant
during operation (though their exact values may be uncertain,
as modeled in Section II-B), and (iii) link deformations
and elasticities are neglected. The full equations of motion
are omitted for brevity and follow [7]; in the remainder,
we only require the resulting prediction model in control-
oriented form, introduced after the input-rate augmentation.
For convenience, the main symbols used in the tube NMPC
formulation are summarized in Table 1.

A. Input-rate actuation and extended state

To explicitly enforce actuation slew-rate constraints within
NMPC, we adopt an input-extension strategy in which thrust
and torque are treated as additional states and their time
derivatives are used as optimization variables [20]. We define
the extended state

x 2 [T, 07,7 9T £], 7] € R2, 1)
where fr £ [fr,, fr,]" € R? and Tg £ [7r,,TR,|' € R?
collect the thrust and torque magnitudes of the two vehicles.

The NMPC input is the actuation-rate vector u =
[uf,ul] = [f%,74]" € R* which allows imposing box
constraints on fR]. and 7g; directly, while fR]. and Tg,
remain available as state constraints (e.g., thrust saturation).

The resulting prediction model is x = f(x,u, p), where
p collects uncertain physical parameters. The vector field
f(-) is obtained by augmenting the nominal chain dynamics
with the integrator relations fp = uy and 7 = u,. For
the sensitivity-based analysis developed later, f(-) is assumed
continuously differentiable in the operating region of interest.

B. Parametric uncertainty

We consider bounded parametric uncertainty affecting link
properties. Let p = [5,1,,8/,61]7 € RS, where 6, =
[0y s Oy T 80 = [00,,00,] T, and 85 = [57,,67,]" denote
relative deviations from nominal values of representative
parameters (mass mpg, length fg, and inertia Jg). The
corresponding physical parameters are modeled through mul-
tiplicative scalings m; = (1 + d,; )mr;, £; = (1 + ¢, )lR,,
and J; = (1+0y,)JR,, with j € {1,2}.

The parameters (mpg,,{r,, Jr;) should be interpreted as
effective quantities capturing structured model mismatch
in the link-related dynamics; the assumptions of [7] are
recovered by setting d,,,;, = 95, = 0.

The admissible uncertainty set is the box

PEAD 6, < Omyimaxs 106, < 6, maxs 10,1 < 0y max ) (2)
which reflects relative error bounds typically available from
identification and manufacturing tolerances.

The bounds 6,,; max» 0¢;,max> and 6, max are dimen-
sionless relative deviations. For example, 5mj,max = 0.25
represents a £=25% variation in the nominal link mass m R; =
0.457 kg, which is consistent with typical uncertainty levels
in aerial structures identified from experiments [7].

III. NOMINAL NMPC FORMULATION

At each sampling instant ¢, (with ¢, £ kT, and sampling
period T%), the controller solves a finite-horizon optimal
control problem over a prediction horizon of N steps.
The predicted state sequence {x;}X, corresponds to times
tk+; = tr + 11,. The prediction model is obtained by dis-
cretizing X = f(x, u, p) with a fixed-step integration scheme,
yielding the discrete-time mapping x;+1 = F(x;,u;, po),
with ¢ = 0,...,N — 1, where po denotes the nominal
parameter vector (8, = 8¢ = 6; = 0) and xo = x(¢x)
is the measured/estimated state.

A. Finite-horizon optimal control problem

The nominal NMPC problem is formulated as
N-1
minimize Z L(x;,u;,1;) + Ly(xn,rN)
{xowdiyt
St X1 :F(xi,ui,po), 1=0,...,N—1, (3b)
x,€X, u,eld,1=0,...,N—1, 3c)
xo = X(tx), (3d)

where X C R!2 and U C R* encode slew-rate limits,
thrust/torque saturation, and physical bounds; reference se-
quences r;, r are assumed available at ty.

We employ an output-tracking objective, where the tracked
output is defined as y; = h(x;,w;), and yn = hy(xy),
where h(-) collects the quantities to be tracked.

In this work, we define the task specified in terms of de-
sired link elevation angles and internal stresses. Accordingly,
we choose

(3a)

@
e 2 B0 R mve 2 | 2 Tert @
B0x,1)

Here, f;, denotes the link stress, computed as an algebraic
function of the predicted state and actuation variables (as in
[7]), while ¢ is obtained from the model dynamics f(-).

The reference sequences {r;}.x ;' and ry comprise de-
sired elevation angles, link stresses, and their respective time
derivatives. The design of the reference generator is outside
the scope of this paper, and the reference sequences are
assumed available at each sampling instant.

Using diagonal weighting matrices Q > 0 and Qx > 0,
the stage and terminal costs are defined as L(x;,u;,r;)
3G, w) = rillg and Ly(xy,ry) £ gllhy(xn) -
ry HQQN

[

B. Nominal constraints of interest

Consistently with the problem statement in the Introduc-
tion, we focus on two representative classes of nominal
constraints that are subsequently robustified through tube
tightening.

a) Inter-link separation constraint: To prevent the sec-
ond link from collapsing onto the first one and to avoid phys-
ically infeasible near-aligned configurations, we constrain the
relative inter-link angle Ay £ @y — ;.



Specifically, we require the magnitude of the wrapped rel-
ative angle to remain above a prescribed threshold Ay, €
(0, ), namely

|Wrap(A(P)| > A@minu (5)
where wrap(-) maps angles to a principal interval, e.g.,
[—7, 7).

Direct angle wrapping introduces a non-smooth branch cut
at Ap = =£7 that would compromise the Jacobian-based
tightening in (10)—(12). To avoid this, the constraint (5)
is implemented through the smooth periodic inequality
cos(Ap) < cos(A@min), which provides an equivalent
characterization of (5) for Ap € [—m, 7] and Apmin €
(0,7), at the cost of a slight conservatism near the feasible-
set boundary [19]. The resulting continuously differentiable
constraint is enforced at all steps ¢ = 0,..., N.

b) Thrust-magnitude limits: Since the thrust magni-
tudes fr = [fr,, fr,] " are included in the state vector, thrust
saturation can be enforced directly through state constraints
in X. In particular, for each vehicle j € {1, 2} and prediction
stepi=0,..., N, we impose

fR,mill < ij,i < fR,max~ (6)

Analogous bounds can be imposed on the torque states 7g;
when actuator limits are considered.

Sensitivity-based tightening is applied to both constraint

classes above; torque magnitude limits are treated nominally.

IV. SENSITIVITY-BASED TUBE NMPC

Let p € RS denote the vector of uncertain physical
parameters introduced in Section II-B, namely the relative
deviations in representative mass, length, and inertia. To
quantify how such parametric uncertainty affects the pre-
dicted system evolution, we introduce the parametric state
sensitivity matrix TI(t) = 0x(t)/0p € R'?*6 [16], whose
columns represent the first-order variation of the state w.r.t.
each uncertain parameter.

We assume the standard local smoothness condition: f(-) is
continuously differentiable in a neighborhood of the nominal
trajectory generated using po.! Differentiating the dynamics
x = f(x,u,p) w.rt. p yields the standard first-order varia-
tional equation

II(t) = £ (x(1), u(t), po) I(t) + £ (x(t), u(t), o), (7
where f, £ 0f /0x, and f, £ Of /Op.

If the initial state estimate is assumed independent of p,
the sensitivities can be initialized as II(¢y) = O at the start
of the experiment.

In a receding-horizon implementation, II(¢;) can then be
treated as an internal state: it is propagated between sampling
instants using (7) (or its discrete-time counterpart, consis-
tently with the numerical integration used in the NMPC
transcription) and used to initialize each NMPC solve, i.e.,
IIy = II(t) as in (12f).

'For the considered rigid-link aerial chain, this assumption requires
predicted trajectories to remain away from kinematic singularities (e.g.,
near-aligned link configurations, where the kinematic relationships become
ill-conditioned) and to involve only smooth actuator dynamics (including
the cosine-based wrap constraint). Since the construction is local, violations
may render the first-order sensitivity-based tube approximation unreliable.

A. Augmented prediction model

To propagate state sensitivities along the NMPC prediction
horizon together with the nominal system dynamics, we
augment the state vector with the vectorized sensitivity
matrix. Specifically, we define the augmented state X =
[xT vec(IT) "] € R'2¥72 where vec(-) stacks the columns
of IT into a single vector.

The corresponding augmented continuous-time dynamics
are given by

% — f(X, u, pO) (8)
vec(fx (x,u, po) IL + fp(x,u, po)) |~

This formulation allows the NMPC optimizer to simul-
taneously predict the nominal trajectory and the associated
parametric sensitivities at every stage of the horizon.

In the implementation, the Jacobians fy and f, are ob-
tained by automatic differentiation and discretized consis-
tently with the same integration scheme used for the nominal
prediction model.

B. Tightening margins and tube NMPC problem

For a generic scalar constraint y(x,p) < Ymax. Along
a nominal prediction computed with pg, the first-order
sensitivity of the constraint function y w.r.t. the uncertain
parameters p is given by

0
IT, £ % =Ty TI+J,p, ©)
where J,x = Oy/0x and J,, £ Oy/Op. For purely state-
dependent constraints y(x), one has J,, = 0.

Given a bounded uncertainty set P, we approximate the

worst-case first-order variation of the constraint value by the

scalar margin
oy £ /IL, WL II] + &4, (10)

where W, > 0 encodes the size and geometry of the
uncertainty set, and €, > 0 is a small regularization constant
added for numerical robustness.

For independent bounded parameters with box-type
uncertainty set (2), a convenient choice is W, =
diag(éznl,max7 572712,max7 5%1,max7 327111&;(7 ?]hmaxa 32,max)’
which outer-approximates P with an ellipsoid.

Within the sensitivity-based tube NMPC formulation, each
nominal constraint y(X;, Po) < Ymax is replaced at prediction
stage ¢ by the tightened form

y(xiapo)‘f'ay(Xi’Hi) Symaxa 2207,N (1])

Interpretation: The margin (10) is accurate in mildly

nonlinear regimes; empirical validation for large deviations

is provided via Monte-Carlo in Section V.
At each sampling instant ¢, the tube NMPC solves
N—-1

minimize L(xi,us,r;) + Le(xn,rN) (12a)
{30y, T 1Y ;
S.t. Xit1 :F(xi,u,-,po), iZO,...,N—l, (12]3)

041 = Fra(x4,u:, I, po), i =0,...,N —1, (12¢)

x; €X, welU, i=0,...,N—1, (12d)
y(xi7p0)+0¢y(xi7ni) Symaxa 7::07"'7N7 (126)
Xo = X(tk), H() = H(tk) (12f)

where Ji1 is the discrete-time sensitivity update map
obtained by discretizing (7) consistently with F.
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Fig. 2: Boundary-hugging maneuver under parametric uncer-
tainty of the nominal NMPC. Snapshots of the planar two-
link aerial chain from ¢ = 0s to t = 12s. The dashed curve
is the reference end-effector path, and the solid curve is the
executed end-effector path.

V. SIMULATION RESULTS

Nominal and tube NMPC are implemented with identi-
cal horizons, discretization, weights, and solver settings to
ensure a fair comparison. The prediction horizon is set to
N = 30 with sampling time 7T = 0.01s, corresponding
to a 0.3s prediction window. The dynamics are discretized
using a fixed-step fourth-order Runge—Kutta integrator within
a multiple-shooting formulation. The resulting nonlinear pro-
grams are solved in MATLAB using MATMPC? in real-time
iteration mode with QPOASES3.

The reference trajectory is generated at 200 Hz and pro-
vided to the controller as a time-varying output reference.
The NMPC controller runs at 100 Hz. The closed-loop plant
dynamics are integrated at 200 Hz.

To stress the controller near constraint boundaries, we
use a boundary-hugging reference trajectory defined by the
ellipse z4(t) = xc + agcos(v(t)) and z4(t) = 2z +
a.sin(v(t)), with semi-axes a,, a. and center (z.,z),
designed so that small parameter deviations readily trigger
constraint activation. The phase v(t) is generated using
a quintic time-scaling law, i.e., a fifth-degree polynomial
scheduling of the phase from v(0) = 0 to v(T) = 27
that enforces zero initial/final velocity and acceleration. The
corresponding elevation-angle references ¢? are obtained
via inverse kinematics [7]. Parameters are chosen so that
p(t) = v/(24)2 + (24)2 stays near the reachable boundary
p? € [0,2¢] with margin &, (see Table II). The desired link
stress is set to a constant tension f¢ = 10N for both links.
To introduce a realistic non-nominal initialization, the initial
elevations are perturbed by e, = [—8°, 4°]" w.rt. the
initial reference. Figures 2 and 3 illustrate the boundary-
hugging maneuver by showing snapshots of the aerial chain
at multiple instants along the motion, from the initial to
the final configuration, together with the corresponding end-
effector path, for nominal and tube NMPC.

Unless otherwise stated, tightening applies to the inter-link

2https://github.com/chenyutao36/MATMPC
3https://github.com/coin-or/gpOASES
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Fig. 3: Boundary-hugging maneuver under parametric uncer-
tainty of the tube NMPC.

TABLE II: System, uncertainty, and NMPC parameters.

Physical parameters Reference Trajectory

mp 0.457 kg A<Pmin 30°

Jr 0.123 kg m? dt 0.005 s

4 0.942 m T 12's

g 9.81 m/s? ré 10N

n 2 [-] €0 -8, 4°]
fR,mim fR,max {3’ 20} N Te, Ze {07 1~05} m
TR, mins TR,max {-5,5} Nm az,az {0.55,0.35} m

fR,minva,max {_2007 200} N/S Epr

0.02 m
TR,mins TR,max  1—100,100} Nm/s | - _

NMPC parameters Uncertainty bounds

Ts 0.01s 6m; max 0.25 [—]
N 30 [-] 8¢, max 0.24 [-]
Q diag(5,1,0.1,0.1) | 87, max 0.25 [-]
QN diag(50, 10) €s 10712 [+]
€tol 10-3 (-] Nsim 500 []

separation and thrust-magnitude constraints; torque limits are
enforced nominally.

Single run. We compare tracking performance and con-
straint satisfaction of nominal NMPC and sensitivity-based
tube NMPC under parametric uncertainty.

Figure 4 reports the elevation angles and link-stress out-
puts together with their references, while Figure 5 shows
the corresponding tracking errors. In the representative run
shown, the nominal and tube NMPC closed-loop trajectories
are visually very similar and yield comparable tracking
accuracy. This outcome is expected when the particular
uncertainty realization is mild and the tightened constraints
are not persistently active: in that regime, the tube tighten-
ing mainly reshapes the feasible set near constraint-critical
configurations, while leaving the unconstrained tracking op-
timum essentially unchanged.

The transient tracking error visible near ¢ = 4 in Figure 5
is primarily attributable to the initial elevation perturbation
e, 0 combined with the conservative tightening during the
first constraint-active phase; it could be reduced by tuning the
initial sensitivity IIy or applying a shorter initial tightening
horizon.

The main benefit of tube NMPC should therefore not
be inferred solely from output tracking plots, but rather
from constraint-margins under uncertainty. The tightening
increases safety margins in regions of high parametric
sensitivity, reducing the risk of constraint activation under
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Fig. 4: Elevation angles (91, @) and link-stress (1., fr,)
for nominal NMPC (top) and tube NMPC (bottom). Dashed
lines denote the references, while solid lines denote the
closed-loop responses.
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Fig. 5: Tracking errors for the trajectories in Figure 4:

nominal NMPC (top) and tube NMPC (bottom). Errors are
defined as ey, = ¢; —¢f and ey, = fr, — ff . j € {1,2}.

uncertainty.

To quantify this, we define signed residuals sa(t) =
cos(p2(t) = ¢1(t)) — cos(Apmin) and sz, (t) = fr, () —
fRmax, J € {1,2}, so that se(¢) < 0 indicates satisfaction
and se(t) = 0 indicates activation.

Figure 6 compares the resulting residuals obtained with
nominal and tube NMPC under parametric uncertainty. In
the shown run, both controllers satisfy the constraint, but
the tube NMPC maintains residuals that are consistently
more negative, indicating larger safety margins relative to
the constraint boundaries. By contrast, nominal NMPC tends
closer to activation, which is consistent with the absence of
proactive tightening when optimizing only for the nominal
parameter vector po. These results support the intended
effect of sensitivity-based tightening: improving robustness
of constraint satisfaction with limited impact on tracking
performance in low-activation regimes.

s

Sim, fry ||

Time [s] Time [s]
Fig. 6: Signed constraint residuals for nominal NMPC (top)
and tube NMPC (bottom) under parametric uncertainty.
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Fig. 7: Boxplots for the Monte-Carlo campaign, comparing
nominal NMPC and sensitivity-based tube NMPC.

Monte Carlo. We run Ny, = 500 closed-loop trials
with p drawn uniformly from P (see Table II); all other
settings are identical between controllers. A trial succeeds
if no solver failure occurs and constraints are not violated
beyond £¢,; = 1073, We record Root Mean Square Error
(RMSE) and signed residuals sa, Sf,, . Sfq, per trial.

Over Ngm = 500 Monte-Carlo runs, the nominal
NMPC succeeds in 58.0% of the trials, whereas the pro-
posed tube NMPC succeeds in 100.0%. This gap indi-
cates that sensitivity-based tightening substantially reduces
uncertainty-induced failures in this constraint-critical maneu-
ver.

Figure 7a reports boxplots of the elevation-angle tracking
RMSE for ¢; and ¢y. In this experiment, tube NMPC
does not systematically improve tracking accuracy relative
to nominal NMPC: the medians and spreads are comparable,
and in some cases tube NMPC exhibits a larger dispersion.
This behavior is consistent with the expected performance—
robustness trade-off introduced by constraint tightening,
which may prioritize safety margins in constraint-relevant
regions at the expense of nominal tracking optimality.

Figure 7b reports boxplots of these residuals. Under
nominal NMPC, the distribution is concentrated near the
activation threshold (approximately a line at zero), indi-
cating operation close to constraint activation across trials.
In contrast, tube NMPC shifts the distribution to negative
values, meaning that the constraints are satisfied with a



nonzero safety margin across uncertainty realizations, includ-
ing worst-case trials.

These results confirm that sensitivity-based tightening
substantially improves robustness while preserving tracking
performance, at the cost of increased solve time discussed
next.

Computation performance. The augmented prediction
model has approximately 84(N + 1) + 4N = 2724 decision
variables for N = 30, compared to 12(N + 1) + 4N =
492 for nominal NMPC. In our MATLAB prototype using
MATMPC with QPOASES, the mean solve time over the
Monte-Carlo campaign is 6.7 &= 1.5 ms for nominal NMPC
and 21.7 £+ 5.3 ms for tube NMPC, yielding an overhead
factor of approximately 3.2x for a ~ 7x increase in de-
cision variables. Both solve times reflect MATLAB inter-
pretation overhead rather than the method’s intrinsic cost; a
code-generated embedded implementation (e.g., ACADOS*)
is expected to recover real-time feasibility at 100 Hz, as
demonstrated for comparable NLP sizes in [14].

VI. CONCLUSIONS

This paper presented a sensitivity-based tube NMPC
framework for cooperative aerial chains under parametric
uncertainty. By propagating parametric sensitivities and ap-
plying constraint tightening, the proposed approach improves
constraint robustness while preserving real-time feasibility.
Monte-Carlo simulations demonstrate improved success rate
and constraint satisfaction compared to nominal NMPC.
Future work will extend the approach to three-dimensional
systems, investigate tighter robustness bounds (e.g., via
higher-order sensitivity terms or interval arithmetic), and
consider cable links, where unilateral tension constraints and
variable effective length introduce additional modeling and
robustness challenges.
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