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Abstract— Overactuated multirotors can produce the same
wrench with many rotor-speed combinations, some of which
leave the vehicle unable to change its wrench quickly, e.g., to
reject a gust. Readiness barriers keep this ability, the readiness,
above a floor, but only in continuous time; with sampled
commands and varying speed-controller delays, the available
robustness bound covers less than one millisecond. We remove
this limit by exploiting the structure of the problem: each rotor
responds monotonically and in closed form to its own torque,
so the speeds reachable under uncertain switching times lie in a
cheaply computed box, and the lowest readiness over that box
sits at a corner known in advance. This yields a Lipschitz-free
test that a command keeps the readiness above its floor until the
next sample, plus a fallback torque that keeps the vehicle on a
certified plan. In hexarotor simulations with 2—40 ms delays and
+2 ms jitter, the filter never violated the floor. At 10 4 2 ms,
it matched a delay-compensating predictor within the design
envelope and cost 2-30% more tracking error beyond it, where
the predictor alone violated the floor in 2 to 16 of 16 missions.

Index Terms— Control barrier functions, sampled-data sys-
tems, input delay, overactuated multirotors.

I. INTRODUCTION

Overactuated multirotors carry more rotors than the com-
ponents of the wrench (the force and moment acting on
the body) they control, which enables full-pose tracking and
physical interaction [1], [2]. A continuum of rotor speeds
then produces the commanded wrench, and the allocator
selects one, typically by minimizing effort subject to actuator
limits [3], [4]. Effort minimization, however, is blind to
the authority to change the wrench. Thrust and drag scale
quadratically with spin rate [5], so a slow rotor has a shallow
thrust slope and a fast one has spent its torque on drag; either
way, the vehicle cannot respond quickly to a disturbance.

The drag-aware co-metric of [6] makes this authority
measurable. A rotor changes its thrust at a rate given by its
thrust slope, which grows with speed, times the acceleration
it can still produce in either direction, which shrinks as drag
absorbs its torque. The co-metric maps these rates through
the allocation matrix to the set of achievable wrench rates,
whose log-volume we call the readiness, in the spirit of
manipulability [7]: it is low when a rotor is nearly stopped
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or saturated, and —oo when some wrench component can
no longer change. Rather than maximizing it, which leads
to discontinuous allocations, our previous work [8] keeps it
above a floor with a Control Barrier Function (CBF) [9],
[10] enforced by a torque-level Quadratic Program (QP).
This readiness barrier certifies the floor, but, like most CBF
guarantees, in continuous time; the present paper extends it
to sampled, delayed implementations.

Flight controllers, however, hold each command for a sam-
pling period and send it through Electronic Speed Controllers
(ESCs) whose delay varies from sample to sample. Between
two samples the barrier condition is not enforced, and with
delay the filter acts on a past state. In [8], simulations of
a hexarotor showed that the filter tolerates ESC delays of
1-10 ms, but its robustness bound [8, Prop. 13], built on
Lipschitz constants of the barrier that are worst cases over
the whole certified set, certifies only 0.63 ms there: the
guarantee lags behind the observed robustness. At longer
delays, or with more demanding maneuvers, it can violate the
floor: at 40 ms on a nominal mission, and from 5 ms when
the maneuver demands more than the floor was designed
for (Section V). This paper closes the gap between what is
observed and what is certified.

Our key observation is that the readiness barrier has
enough structure to be checked exactly between samples,
without Lipschitz constants. Each rotor responds to its own
torque independently, monotonically, and in closed form, so
the speeds reachable under any admissible switching times
lie in a box whose corners are computed directly. Moreover,
since a slow rotor lacks thrust slope and a fast one lacks
torque margin, the contribution of each rotor to the readiness
first grows and then shrinks with its speed (Lemma 2 and
Fig. 1(c)), so the lowest readiness over the box sits at a
corner known in advance. A command is then accepted only
if the readiness provably stays above the floor until the next
sample. Our contributions are:

1) An exact, closed-form minimum of the readiness over

a box of rotor speeds (Proposition 3).

2) A delay certificate for bounded, order-preserving, per-
ESC delays, with a hold torque that keeps the last cer-
tified plan safe and makes the test recursively feasible
(Theorem 5), and a bound tracing its conservatism to
the jitter and the command variation (Corollary 6).

3) An extension to bounded drag and speed-measurement
errors (Proposition 7).

4) A certified allocation filter (Algorithm 1), compared on
the hexarotor of [8] with predictor-based and Lipschitz-
margin filters (Section V).
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II. RELATED WORK

Allocation and actuator authority. Allocation is classically
a constrained least-squares or linear program [3]; [2] clas-
sifies multirotors by their input allocation and [4] reviews
tilting platforms. These methods make the wrench attainable
but do not preserve the authority to change it. Barriers
on actuator quantities appear in CBF-based allocation for
obstacle avoidance [11] and in servo-rate allocation for
tiltrotors [12]; [8] and [13] floor the readiness with fixed and
articulated rotors, and matrix CBFs [14] offer a directional
alternative to the log-determinant.

CBFs under sampling and delay. CBF filters [9], [10] are
designed in continuous time; for the readiness barrier, which
has relative degree one, the issue is their sampled, delayed
implementation. Sampled-data methods tighten the barrier
condition with margins from global or local bounds [15],
use approximate discrete-time models [16], or certify a given
controller over the hold interval [17]; the local conditions
of [15] need no Lipschitz constant but a supremum over
the reachable set. For input delay, CBFs act on a predicted
state [18], [19], made robust to prediction errors by input-
to-state safety [20], robust formulations [19], delay estima-
tion [21], or integral CBFs [22]; time-varying delays are
treated in [23], and interval analysis handles measurement
and actuation uncertainty [24].

Reachability and backup controllers. Monotone and
mixed-monotone systems give cheap interval over-
approximations of reachable sets [25], [26]. Backup CBFs
integrate a backup controller over a horizon [27]; [28] adds
sampled data, state uncertainty, and a known delay, and [29]
bounds backup trajectories by mixed-monotone boxes and
minimizes a concave barrier over their 2" vertices.

Positioning. We specialize these ingredients: for general
dynamics, the reachable set and the extremum of the barrier
over it must be approximated, whereas for readiness barriers
the set is a box computed in closed form, the nonconcave
barrier is minimized exactly at one known vertex, and the
infinite tail of the backup needs no integration.

III. PROBLEM FORMULATION

This section recalls the readiness barrier of [8] and shows
why sampling and delay break its guarantee.

A. Model and readiness barrier

We use the model and notation of [8]. An overactuated
multirotor with n rotors produces the wrench w = A¢(v) €
R™, n > m, with ¢(v) = v ® |v| (componentwise ¢(v) =
v|vl]), and the spin rate v; of rotor i obeys

m;0; = —bv;|vi| + 7, |7 < 7, (D

where m; > 0 is the inertia of motor and propeller, b; > 0
the aerodynamic drag coefficient, and 7; the motor torque,
bounded by 7; > 0; in vector form, v = f(v) +M~17 with
M = diag(m;), and rank A = m. The motor time scale
is Ty = m;/\/7:b;. The symmetric acceleration capacity
a;(v;) = (fi — bjv?)/m; is the acceleration rotor i can
still produce in either direction; it is positive on the open

box V = {v : |v;| < vi*}, where v$*" := /7;/b; is the
saturation speed, at which drag absorbs the full torque, and
admissible torques render V forward invariant; and on V the
drag-aware co-metric and readiness level are [6], [8]

D(v) =4A¥V)AT, (i) = viai(v;)?,

2
L(v) =Indet D(v),

with ¥ = diag(v;) and A,; the ith column of A. The weight
1; is a quarter of the squared largest rate, 2v;a;, at which
rotor ¢ can change its thrust ¢(v;) in either direction, so D =
J diag(df)JT, with J defined below, is the shape matrix
of the ellipsoid {Jdiag(a;)u : ||ul| < 1} of wrench rates
available at v, and the readiness L is, up to a constant, twice
the logarithm of its volume. Each 1; vanishes at standstill
(no thrust slope) and at saturation (no torque margin) and
peaks at the sweet spot v} = v§**/y/3 (Lemma 2). Given a
floor Z, the barrier is h(v) = L(v) — ¢ and the certified set is
C ={v €V:h(v) > 0}. The floor is chosen in the window
¢t < ¢ < L°P. The lower end is the readiness left when the
most dispensable rotor stops, so a floor above it keeps every
rotor spinning; the upper end is the best readiness that exact
tracking guarantees throughout the mission, so a floor below
it does not force tracking errors. Formally, ¢f = L™ax —
ming Ay, where Ay = —In(1 — \g) is the readiness lost
when rotor k stops, with leverage Ay = 15, (v)AJ, S Ay,
S = Y, vi(v)AgAl, L™ = Indet(4S), and L°P =
Miny ey MaxXy: A p(v)=w L(V) is the worst-case achievable
readiness over the mission wrenches W [8, Thm. 1, eq. (10)].
Because ¢ > (T, trajectories in C keep the sign of every rotor
speed, which by symmetry of (1) we take positive.

The allocation filter of [8] solves, at the measured state,
the QP

min |7 — Tetl|* + o8]
7,0

st. Vh(v)'a> —ah(v), Jv)a=pu+4, O
a=f(v)+ M !r,

where J = 2A diag(|v]), pt = Wdes + kw(Wdes — AD(V))
is the task demand for the desired wrench wWges, Tref 1S
a nominal allocation (in [8] and here, the solution of (3)
without the barrier row and with 7.t = 0, i.e., the effort-
minimizing allocation), and «, k,,, p > 0 are gains. In words,
the QP stays close to the nominal allocation, tracks the
wrench demand up to the penalized slack &, and lets h
decrease at most at rate ah, so the floor has priority over
tracking. Applied in continuous time, (3) renders C forward
invariant [8, Thm. 7].

Tl <7,

B. Sampled data and actuation delay

On a flight controller, (3) is solved at ¢{; = jAt and its
output passes through the ESCs with a delay that varies from
sample to sample. We model this as follows.

Assumption 1. The command T; (components T;;), com-
puted at t; from the exact state v(t;), is applied to rotor i on
[0j.4,04+1,:), where the unknown switching instants satisfy

oji € [tj+d,t;+d, 0 <d<d and 0j; < 0j11,



(commands are not reordered; each ESC may switch at its
own instant). The commands issued before t = 0 are known.
The jitter width is Ad :=d — d.

In words, each command reaches each ESC after an
unknown delay between d and d, the ESCs may switch
at different instants, and no command overtakes an earlier
one. The lower bound d includes the computation time of
the filter. For a filter that ignores the delay, [8, Prop. 13,
Cor. 14] absorbs a delay d by raising the floor by 7(d) =
(aH + KVd)d+ KVd/a, where H = L™ — { and K, V
bound the second derivatives of h and the rotor accelerations
on C; keeping the raised floor below L°P caps the certified
delay at d* = 0.63 ms for the hexarotor of [8]. A predictor
removes the nominal delay, but its error under jitter again
calls for a margin. We therefore pose the following problem.

Problem 1. Under Assumption 1, given vy, and the commit-
ted commands {T;};<k, decide without Lipschitz constants
whether a candidate Ty, guarantees h(v(t)) > 0 on [tx, txt1]
for every admissible realization of the switching instants, and
ensure that some candidate always passes.

IV. A LIPSCHITZ-FREE DELAY CERTIFICATE

This section solves Problem 1. The solution rests on three
structural facts: every rotor is a scalar, monotone system with
a closed-form flow; each 1); is unimodal; and L is monotone
in every ;.

A. Three structural facts

Lemma 1 (Monotone rotor flow). Under a constant torque
7i, the solution t — v;(t) of (1) is monotone in t, and v;(t)
is nondecreasing in v;(0) and in ;. For v;(0) = vy > 0,
let v*° = /|7|/b; and w = \/|7i|bi/mi. If T; > 0, v;(t) =
v>° tanh(wt + artanh(vy /v>°)) for vg < v, with coth and
arcoth for vg > v>°; if ; =0, v;(t) = vo/(1+bvot/m;); if
7; < 0, v;(t) = v> tan(arctan(vy /v>°) — wt) up to the zero
crossing t,, and —v™ tanh(w(t — t.)) after it. For vy < 0,
vi(t;v0,75) = —v;(t; —vo, —T;)-

Proof. The right-hand side of (1) is locally Lipschitz in v;
and nondecreasing in 7;. Solutions of a scalar autonomous
equation are monotone in time, and order is preserved in the
initial condition and in the input by the comparison principle
for scalar (hence monotone) systems [25]. The closed forms
follow by substitution into (1). O

Lemma 1 makes every rotor speed under a piecewise-
constant torque computable in closed form, and ordered:
more torque or a faster start never yields a slower rotor. We
write ®;(v, 1) for the flow of (1) under the constant torque
7. Since 9; < (7i — b;v?)/m;, an admissible torque never
drives a rotor above v?".

Lemma 2 (Unimodality). On [0, v{**], 1; is increasing on
[0,vf] and decreasing on [v},vE™], with vl = v**/\/3.
Hence, for 0 < | < w < o, min,ep¢i(v) =

min{i/)i(l)y s (U)}

Proof. Yj(v) = 2va;(v)(7; — 3bjv®)/m; [8, Lemma 3],
which is positive on (0,v}) and negative on (v}, v$?"). A
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unimodal function attains its minimum over an interval at an
endpoint. O

For a box B = [v,V] of spin rates with v < v53, define

min{ ¥;(v;), ¥:(0s) }, v; >0,
(B):{ {(0:), i (@)} @
¢ 01 yz S 07
and L(B) = Indet (4A diag(¢(B))A "), with Indet = —oco
for a singular matrix.

Proposition 3 (Exact box minimum). With ¢ as in (4), if
v > 0 and v < v, then minyes L(v) = L(B). If v; <0
for some i, then L(B) < {1 < L.

Proof. For v € B3, Lemma 2 gives ¢;(v;) > ¢ (B) for every
i, so, by (2), D(v) = 4Adiag(y))AT and L(v) > L(B)
by monotonicity of In det on the positive semidefinite cone.
Equality holds at the vertex that selects, for each i, the
endpoint attaining wi; this vertex lies in B. If wi = 0,
then ¥ < ¢;(v}) for j # i gives 4A diag(y)AT =
4(S — ¥;(vF)Ae;Al), and the matrix determinant lemma
yields L < L™ 4 In(1 — \;) = L™ — A; < 0, the
dropout gap of [8, Thm. 1]. O

In words, the lowest readiness over a box is at the corner
where each rotor sits at the end of its range with the smaller
weight; finding it costs 2n scalar evaluations and one m X m
log-determinant instead of a search over 2" corners. Any
conservatism thus lies in the box, not in the minimization.

B. Reachable boxes under jittered delay

Fix a step k. Commands 7; with j < k are already
committed, 75 is the candidate, and for j > k we set
T = 70 the sweet-spot hold torque

i =bi(v})? =7/3, (5)

which makes v* an equilibrium of (1). Under h, every rotor
moves toward the speed of maximum readiness, so readiness
can only grow and nothing after the window needs checking.
This hypothesis on future commands only decides whether
Ty, is accepted; it plays no role in the guarantee over the
current interval (Theorem 5(i)).

Let Z(t) = {j : t; +d < t < tj41 + d} and define
the torque envelopes 7,7 () = max;ez(y) 75, and 7, (£) =
min;ezy) 7, Let vE be the solutions of (1) from vE(t;) =
vy := v(t) under 7T,
Lemma 4 (Envelopes). Under Assumption 1, the torque
applied to rotor i at time t is T;; for some j € L(t), and
v (t) < v(t) < vt (t) for all t >ty and every admissible
realization of {0 ;}.

Proof. 1f 7; ; is applied to rotor 7 at ¢, then 0 ; <t < 741,
sotj+d<tandt<tj.1+d;hencej€ Z(t)and 7; (t) <
7;(t) < 7;7(t) for every i. The rotors are decoupled and
each is monotone in its input (Lemma 1), so the comparison

principle [25] gives the ordering. O

The envelopes (Figure 1) are piecewise constant, with
breakpoints in {t; + d, t; + d};. Let t, = 6y < 61 <
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Fig. 1: Certificate of one rotor at step k (illustrative timing).
(a) Commands switch at unknown instants in the gray
intervals; Tl-i take the extreme command. (b) The envelopes
vilL and slice boxes Bj, . enclose every admissible trajectory;
after T}, the hold torque drives both toward v}. (c) v; is
unimodal, so its minimum over a box side is at an endpoint.

-+ < Or = T} collect these breakpoints within the window
[te, T], Tx = tgy1 + d. On each slice [0,,0,,1] the
envelopes are constant, so vE are monotone there (Lemma 1)
and the reachable states lie in the slice box

Biy = [v (0:) AV~ (0r11), vT(0,) Vv (0r41)], (6)

with A,V the componentwise minimum and maximum. The
step-k certificate, the lowest readiness the vehicle can reach
over the window, is

Ek(Tk): min L(Bk,r) (7)

0<r<R ™
It needs the exact flows of Lemma 1 at the R+ 1 breakpoints
and one m x m log-determinant per slice.

Theorem 5 (Delay certificate). Let Assumption 1 hold and
0>t
() If Li(T) > £, then h(v(t)) > 0 for all t € [ty, try1],
for every admissible realization of the switching in-
stants and whatever commands are issued after ty,.
(i) If Ly (1) > £, then Ly (1) > L.
(iii) If Lo(T0) > ¢ and every later command either passes
its certificate or equals T, then h(v(t)) > 0 for all
t > 0; by (ii), a certified command exists at every step.

Proof. (i) For t < tg41, j € Z(t) implies t; < t —d <
ti+1, 1.e., j < k: only committed commands and 75 act
on [tk,tk+1], so the hold hypothesis is immaterial there.
By Lemma 4 and the monotonicity of v* on each slice,
v(t) € By, in (6) for t € [0,,0,41]. Since L, > £ >
¢1, Proposition 3 excludes v, < 0 and gives L(v(t)) >
L(Bk,r) > E

(i) With 7,41 = 7", steps k and k + 1 use the same
command sequence, so T¥(t) coincide for t > ;1. By
Lemma 4, v, (ti41) < Vigpr < v,':(tkﬂ), where v,f,
Vlf-s-l are the envelopes of the two steps, and by Lemma 1

Vi < Viey < vy < vifor t > teyr. On [trgr, Ty
the breakpoints of step k£ + 1 are those of step k plus tx1,
so every slice box of step k + 1 lies in one of step k. On
[Ty, Tys1], F = T, under which each rotor moves mono-
tonically toward v} without crossing it, so zbi(v,f+17i(t))
is nondecreasing (Lemma 2) and every ¢ there is at
least ¢, (By,r—1), which contains [v,;+17i(Tk),v,j+17i(Tk)];
Loewner monotonicity gives L > L(Bj r—1) > £.

(iii) Let k" < k be the last step whose command passed.
All commands after k&’ equal 7", the hypothesis of £, so the
slice boxes of step &’ contain v(t) on [ty , Ty/| (Lemma 4),
and after T}, every rotor moves monotonically toward v}
from a point of By r_1, as in (ii). Hence L(v(t)) > ¢ until
a new command passes, and induction over the passing steps
concludes. O

In practice, (i) says that an accepted command is safe
until the next sample whatever the ESCs do, (ii) that the
hold torque is always available as a certified fallback, and
(iii) that the closed loop never leaves C: a passing certificate
covers its command followed by 7" forever. Theorem 5 does
not involve L°P, but it needs a certified start: a state in C is
not enough, because commands already in the pipeline may
leave C before any new command acts.

Corollary 6 (Source of conservatism). For t € [t, Ty and
every 1,

_ Ad
0 <o (1) —v; () < Z |Tji — Tj—14l, (8)

b jERk(t)
where Ki(t) = {j : [t; +d.t; + d) N [tx,t] # 0} and
Tj = T8 for j > k. In particular, for a known constant

delay (Ad = 0), v = v~ is the exact trajectory under the
hold hypothesis.

Proof. The spread e; = v;“ —wv, starts at zero and, since ¢

is increasing, m;é; < 7'2‘+ — 17, , which is at most the sum of
|75,; — Tj—1,| over consecutive pairs in Z(¢). A pair j — 1, j
is in Z(t) exactly when t € [t; + d,t; + d), of length Ad;
integrating gives (8). O

Corollary 6 explains when the certificate is conservative.
The envelope spread, the part of the box width due to the
uncertain switching, is Ad times the total variation of the
commands still in flight (about E/ At of them), the candidate,
and the transition |7/' — 74 ;| to the hold torque. It vanishes
for a known delay, leaving only the motion within each slice,
and for Ad > 0 grows with the delay through the number of
commands in flight. Smooth commands therefore make the
certificate tighter (Section V).

C. Measurement error and drag uncertainty

The certificate uses only monotonicity, so bounded model
and measurement errors enter as wider envelopes. Suppose
the filter measures vy, with |0 ; — vg;| < e and the plant
drag satisfies b; € [b;,b;]. For v; > 0 the flow of (1)

is nonincreasing in b;. Integrate v from v + €1 with

b; and v~ from V; — €1 with bj‘. Under 7" the plant



no longer settles at v* but between vt = (7/'/b})1/?
and v, = (71'/b;)1/%, so we add the tail box By o =
Vv (T) AV, vH(T) Vv to (7). In (4), a; is clipped at
zero, so that 1); stays unimodal on [0, c0) and boxes reaching
beyond v$*" are rejected.

Proposition 7 (Robust certificate). Let b; > b;/3. With
these envelopes and the tail box, Theorem 5(i) and (iii) hold
for every plant drag in [b™,b"| and every measurement
error bounded by €. If ¢ =0, Theorem 5(ii) holds as well.

Proof. A passing certificate has v— > 0 on the window.
The true state starts in [V — &1,V + 1] and, for positive
speeds, the right-hand side of (1) is nonincreasing in b; and
nondecreasing in 7;, so the comparison principle brackets it
between v*: this gives (i). After T}, each true rotor moves
monotonically from [v; (T}), v (T})] toward its equilibrium
in [v;? ;% ], so it stays in By oo: this gives (iii). For (ii)
with & = 0, the slices on [txt1,T)] nest as in Theorem 5,
and the step-(k + 1) tail box lies in By, oo. O

The certificate can pass only if L([v®?,v$%]) > ¢ (which
needs b; > b;/3); for the hexarotor with £10% drag this
value is —10.16, far above the floors of Section V. Two
remarks delimit the result. First, the certified floor is the nom-
inal readiness (2) of the true speeds, not that of the perturbed
plant. The worst-case weight v? max{0,7; — b v?}?/m?
of [8, Thm. 10] is unimodal too and can replace ; in (4);
Section V reports the readiness of the true plant. Second,
with € > 0 the re-measured box at ;41 may exceed the step-
k envelopes by 2e, so a fresh certificate may fail; applying
71 then continues the last certified plan, which remains safe
by (iii).

Any constant backup whose equilibrium box passes the
certificate would also work, e.g., one that produces the
current wrench; 7" is the one whose tail never lowers the
readiness.

D. Certified allocation filter

Algorithm 1 wraps the QP (3). The QP is solved at the
state predicted at ¢y, + d, with d = (d+ d)/2, by integrating
the committed commands with the exact flows. Its output is
applied if it passes the certificate. Otherwise the command
is blended toward 7", which passes by Theorem 5(ii) on
the exact model. Bisection on the blend factor v € [0,1]
keeps only certified points, so the applied command passes,
although the smallest certified v is not guaranteed: the
certificate need not be monotone in -, since blending shrinks
the increment from 7, to 7" in Corollary 6 but may enlarge
the one from 7_1 to 7. If the QP fails (e.g., an infeasible
barrier row at a noisy measurement) or 7" fails a fresh
check, 7! is applied, which continues the last certified
plan (Theorem 5(iii), Proposition 7). The fallback is task-
agnostic and perturbs the wrench, in particular the collective;
a wrench-preserving backup with a monotone tail is left for
future work.

Algorithm 1 Delay-certified readiness filter (step k)

Require: v, committed {7;};<x, [d, d), ¢, Ny; a passing
certificate at some earlier step
1: v + exact flow of vy to ¢ + d under committed
commands
2: Tyet < effort-minimizing allocation at v; 7 QP (3)
at v
3. if the QP is solved and Ly (7®F) > ¢ then
4:  return TQF
5: end if
6: if L1(T") < £ or the QP failed then
7. return 7" {retained plan}
8: end if
9: 77 +—0,vT « 1
10: for N, iterations do
1y« (v +97%)/2
122 if Li((1 — )7 +471) > 7 then

13: yt
14:  else

15: YTy
16:  end if

17: end for

18: return (1 — 7+)TQP 4+ yth

V. SIMULATION STUDY

The simulations answer four questions:

Q1 How tight is the box bound (Section V)?
Q2 Does the filter keep the floor across delays and jitter,
and at what cost (Sections V-A and V-B)?
Q3 How does it compare with Lipschitz margins (Sec-
tion V-B)?
Q4 Does it survive model and measurement errors and
independent ESC timing (Sections V-C and V-D)?
Platform and missions. We use the coplanar hexarotor
of [8], overactuated with respect to its m = 4 con-
trolled wrench components (collective thrust and three mo-
ments): n = 6 identical nondimensional motors 7; =
bi = m; = ]., with T() = 0.32 S, and A.i =
(1, Isin B;, —Lcos B;, ky(—1)"1) with 3; = 30° + 60°(i —
1), I = 0.25, and ky = 0.016, so that L™ = —10.128
and ¢T = —11.226. The mission is the roll-moment reversal
of [8]: fixed collective c (fraction of the sweet-spot collective)
and a sinusoidal roll moment of amplitude S (in units of
¢(vy)/4) and period 2T, flown for 2Tp. On certifiable mis-
sions the demand stays within the design envelope (L°P > ¢1,
computed on 41 points of one period) and the floor follows
the rule of [8], £ = ¢T + 1(L°P — /). Since floors are fixed
at design while maneuvers are commanded online, we also
fly readiness-priority missions, whose demand exceeds the
envelope: the floor / = ¢t + 0.15 > L°P cannot be held
while tracking exactly [8, Prop. 2], so every filter must trade
tracking for readiness.
Implementation. The filter runs at At = 2 ms; the plant is
integrated piecewise between switching instants (fourth-order
Runge—Kutta, steps < 10~4Tp). Each command switches at



Oji = 05 = max{tj + Ci-|— Gj,O'jfl}, with €; uniform in
[-Ad/2,Ad/2] (per-rotor instants in Section V-D). Runs
start at the readiness-maximizing allocation of wges(0) with
the queue at its equilibrium torque, and the first certificate
passed in every run. All filters use the gains of [8] (a(h) =
ah, o = 5 unless stated, k,, = 8, p = 10%), OSQP [30], and
the same missions and jitter realizations; Algorithm 1 uses
Ny, = 14.

Baselines. All are built on (3). The RB filter, i.e., (3) at
the measured state [8], shows what happens if the delay is
ignored. Pred, i.e., (3) at the state predicted at t; + d with
exact flows (predictor feedback [19], [22] without robustness
margin), isolates delay compensation. The others add the
conventional safety margin ( to the barrier row. SD-Lip:
the RB filter with { = KV At, as in the global conditions
of [15]. Pred-Lip: Pred with ( = KV(At 4+ Ad/2), a
heuristic allowance for the hold interval and half the jitter
(it does not bound the prediction error, which accumulates
as in (8)). For these two, K (a bound on |V(VATf)|; +
| V2h||1 max; 7;/m;) and V (on ||V||o) are sampled on C:
KV = 212T, 2, about half of the global 398 T, 2 of [8].
Pred-Lip-G: the same margin with the global constants. Pred-
Lip-Loc: the same margin with KV}, sampled at every step
at v, and 32 random points of the box of radius Vi (At+d)
around it, Vi,.x = max; 27;/m;, which contains the speeds
reachable over the window. None of these margins is a
certificate or reproduces the robust predictors of [19], [22];
when the barrier row is infeasible, they apply the torque that
maximizes h.

Metrics. The worst margin min; i over a run, recorded at
every integration step, is what the filter guarantees: a negative
value means that the readiness fell below the floor. The
Root Mean Square (RMS) wrench error (Euclidean norm,
nondimensional) relative to Pred, e,, (median over missions
of the paired ratio), isolates the price of the extra safety,
because every filter enforces the floor by giving up tracking
and Pred is the cheapest filter that compensates the delay.
The fallback rate shows how often the certificate overrides
the QP.

Q1-Tightness. Over one hold interval without delay, on
400 random states, the gap between the box bound and the
true minimum grows linearly in At, that of a second-order
Lipschitz bound with the constant sampled on C quadrati-
cally: the Lipschitz bound is tighter at 0.5 ms (median gap
2.6 x 10~* vs. 4.8 x 10~ nats), the box bound 1.9 and 11
times tighter at 2 and 10 ms.

A. Delay and jitter sweep

Q2-Algorithm 1 keeps the floor at every delay and jitter
tested, whereas ignoring the delay fails as the delay grows.
Figure 2 sweeps the nominal delay from 2 to 40 ms on
two missions with ¢ = 0.75: a certifiable one (8 = 1.5,
¢ = —11.061) and a readiness-priority one (8 = 2.0,
L°P = —11.405, £ = —11.076). Each of 20 delay—jitter con-
figurations (d € {2, 5,10, 20,40} ms, Ad € {0,1,2,4} ms)
is flown on both missions with five jitter realizations: Algo-
rithm 1 keeps the floor in all 200 runs.

On the certifiable mission, Algorithm 1 coincides with
Pred in all 100 runs, while the RB filter and SD-Lip violate
at 40 ms (minh = —0.18 and —0.19), consistent with the
failure near 29 ms reported in [8]. On the readiness-priority
mission, the RB filter violates from 5 ms (—0.62 at 40 ms);
Pred does not violate at « = 5 (minh > 0.015), Pred-Lip
keeps min h > 0.27 at 1.5-3.3 times its wrench error, and
Algorithm 1 min/ > 0.038 at 1.0-1.65 times. The fallback
of Algorithm 1 is never active without jitter, as Corollary 6
suggests, and at Ad = 4 ms it is active in 11% of the steps
at 2 ms and 35% at 40 ms, because a longer window holds
more commands in flight.

B. Monte Carlo missions

Q2-Beyond the design envelope, delay compensation
alone is not enough, and the certificate keeps the floor at
a moderate cost. Table I reports 50 missions with ¢ ~
U[0.7,0.9] and 8 ~ U[1.0,2.5], flown at 10 + 2 ms with
a = 5 and o« = 20; 34 are certifiable and 16 are flown
with the readiness-priority floor. On the exact model, the
zero violations of Algorithm 1 confirm the implementation
of Theorem 5. On certifiable missions its median wrench
error equals that of Pred (fallback in 2% and 0.1% of the
steps; worst mission at o = 5: 1.6 times Pred). Beyond the
envelope the predictor’s safety depends on the gain: Pred
violates in 2 of 16 missions at & = 5 and in all 16 at o = 20,
while Algorithm 1 holds the floor at a median wrench-error
increase of 19% and 30%.

Q3-The Lipschitz margins are also safe, with a cost that
depends strongly on the gain and on the constants, and
without a guarantee. Pred-Lip costs 7.7 and 2.4 times the
median wrench error of Pred at « = 5, but 1.00 and 1.35
times at o = 20: near v*, where Vi ~ 0 and h < [™ax _ ¢,
a constant margin ¢ keeps the barrier row feasible only
if a(L™* — ) > (¢, and o(L™*>* — /) spans 3.6-5.4 at
o = 5 and 14-22 at o = 20, against ( = 2.65 (Pred-
Lip) and 4.97 TO_1 (Pred-Lip-G). Accordingly, Pred-Lip-G
is infeasible in 60% of the steps at & = 5 and in none
at « = 20. Pred-Lip-Loc costs 1.21 and 1.45 times Pred
at = 5 (Algorithm 1: 1.00 and 1.19) and 1.00 and 1.19
times at o = 20 (1.00 and 1.30), with min h > +0.026: at
the high gain, a local Lipschitz margin is cheaper than the
certificate beyond the envelope, but its sampled constants
give no guarantee.

Thin buffer. With £ = ¢f +0.9(L°P — (1) on the certifiable
missions, the RB filter violates in 15 of 34 missions at
a = 20, but Pred never (minh > +40.053 and +0.009);
Algorithm 1 costs 1.29 and 1.00 times Pred. On certifiable
missions, the certificate thus adds a guarantee, not observed
safety.

C. Model mismatch and measurement error

Q4-With drag and measurement errors, the robust cer-
tificate still keeps the floor, and also the readiness of the
true plant. Table II repeats the « = 5 Monte Carlo with a
plant whose drag coefficients deviate by up to +10% per
rotor and with speed measurements corrupted by uniform
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Fig. 2: Nominal-delay sweep at jitter £2 ms (Ad = 4 ms), o = 5, synchronous switching, five jitter realizations per point;
c=0.75, (a) f = 1.5, £ = —11.061, (b), (c) B = 2, £ = —11.076. Pred-Lip-Loc was not run in this sweep. (a), (b): worst
ming h over the realizations (below zero: floor violated); (c): median RMS wrench error. Algorithm 1 stays above the floor
at every delay, while the RB filter and SD-Lip fail at long delays; in (a), Algorithm 1 and Pred coincide.

TABLE I: Monte Carlo missions at 10 &= 2 ms. Viol.: missions with min; A < 0 (bold); Amin: Worst min; h; e,: median
(90th percentile) over missions of the RMS wrench error relative to Pred, whose absolute median (sweet-spot collective = 2)
is 0.0023, 0.0022 (certifiable) and 0.0257, 0.0202 (readiness-priority) at o = 5, 20; act.: % of steps with active fallback
(Algorithm 1) or infeasible barrier row (Lipschitz baselines). Algorithm 1 never violates and matches Pred on certifiable
missions; beyond the envelope, Pred violates and the Lipschitz margins are safe but, except Pred-Lip-Loc at o = 20, costlier.

a=2>5 a =20

Filter viol. Amin ew act.  viol Amin ew  act.
certifiable missions (34)

RB filter 0 +0.014 2.35 (3.05) 0 3 —-0.035 2.72(3.36) 0
Pred 0 40.098 1.00 (1.00) 0 0 +0.013  1.00 (1.00) 0
Pred-Lip 0 +0.408 7.70 (12.29) 0 0 +0.135  1.00 (1.46) 0
Pred-Lip-Loc 0 +0.204 1.21 (2.77) 0 0 +0.058  1.00 (1.00) 0
Pred-Lip-G 0 +0.581  141.59 (285.72) 60 0 +0.225 1.11 (2.88) 0
Alg. 1 0 +0.130 1.00 (1.20) 2.0 0 +0.015 1.00 (1.00) 0.1
readiness-priority missions (16)

RB filter 16 —0.111 0.94 (1.07) 0 16 —0.106 1.15(1.45) 0
Pred 2 —-0.004 1.00 (1.00) 0 16 —0.022 1.00 (1.00) 0
Pred-Lip 0 +0.480 2.39 (3.78) 0 0 +0.109  1.35 (1.78) 0
Pred-Lip-Loc 0 +0.156 1.45 (1.70) 0 0 +0.026  1.19 (1.32) 0
Pred-Lip-G 0 +0.642 12.47 (26.60) 0.1 0 +0.224  1.71 (2.68) 0
Alg. 1 0 +0.121 1.19 (1.35) 30 0 40.023  1.30 (1.59) 32

errors of up to ¢ = 0.0050v%. Algorithm 1-R uses the
robust certificate of Proposition 7 with the true bounds. Pred
violates in 3 of 16 readiness-priority missions, neither variant
of Algorithm 1 in any (beyond the envelope, 1-R costs 31%
instead of 22%). As Proposition 7 anticipates, the hold torque
fails a fresh check in 0.8% of the steps and is then applied as
the continuation of the last certified plan. Evaluated with the
plant drag, only Algorithm 1-R keeps the readiness above the
floor (Al > +0.026; Pred and the nominal Algorithm 1:
—0.135 and —0.028).

Source of the cost. On the readiness-priority reversal (c =
0.75, f = 2) at 10 £+ 2 ms, the RB filter crosses the floor
(min A = —0.075), and Pred skims it (+0.031). Algorithm 1
keeps minh = +0.130 at a wrench error of 0.0209 against
0.0165 for Pred (fallback in 27% of the steps). The cost
is mostly in the collective, which the hold torque perturbs:
the RMS collective error rises from 0.0046 to 0.0088, the
moment error from 0.0158 to 0.0190. Following Corollary 6,
adding 10||7 — 7x—1||* to the QP cost halves the fallback
rate (12%) and lowers the wrench error to 0.0188 (minh =
+0.078).

D. Independent ESC jitter

Q4-Real ESCs switch at slightly different instants. With
independent per-rotor offsets ¢;; in the Monte Carlo of
Table I, Pred still holds the floor on certifiable missions,
but beyond the envelope it violates in 11 of 16 missions at
« = 5 (2 with synchronous switching; min A down to —0.27)
and in all 16 at o = 20. Algorithm 1 keeps the floor in all
100 runs at 1.09 and 1.02 times the wrench error of Pred,
because Lemma 4 covers the skew by construction.

E. Computation

The certificate is cheap enough for a flight controller. At
10+ 2 ms it covers 7 slices, each with 2n closed-form flows
and one 4 x4 Cholesky factorization, some 3 x 103 operations
in all. Written in Python and compiled to machine code
with Numba, a just-in-time compiler for numerical Python, it
takes 9.6 ps (median; 99th percentile 14.6 ps) on one core
of an Intel Core Ultra 7 255H CPU under Ubuntu 24.04.
A full filter step (prediction, two OSQP solves, certificates)
takes 0.57 ms (median; 99th percentile 1.37 ms, maximum
1.42 ms) with N, = 14, against 0.48 ms for Pred. These are



TABLE II: As Table I with +£10% drag mismatch and 0.5%
speed error, « = 5. hfIl°: with the plant drag; unc.: runs
(% of steps) with a failed fresh hold check. Absolute e,, of
Pred: 0.0062, 0.0266. Only Algorithm 1-R keeps the true-

plant readiness above the floor.

Filter viol. Rmin htrue ew act. unc.
certifiable missions (34)

Pred 0 +40.090 —0.018 1.00 (1.00) 0 -
Pred-Lip 0 +40.399 +40.224 3.61 (6.15) 0 -
Alg. 1 0 +40.124 —-0.004 1.00 (1.13) 1.8 6 (0.1)
Alg. 1-R 0 +40.147 +40.026 1.00 (1.27) 33 8 (0.1)
readiness-priority missions (16)

Pred 3 —0.007 —-0.135 1.00 (1.00) 0 -
Pred-Lip 0 40471 +40.370 2.32 (3.34) 0 -
Alg. 1 0 +40.121 —0.028 1.22(1.38) 27 16 (1.8)
Alg. 1-R 0 +40.155 +40.033 1.31(1.54) 32 16 (2.1)

not hard bounds; on flight hardware, the computation time
must be measured and included in d.

VI. CONCLUSION

Readiness barriers can be certified under sampling and un-
certain actuation delay without Lipschitz constants: because
rotors respond monotonically and in closed form and the
readiness is unimodal in each rotor speed, the worst case over
all reachable speeds costs a few closed-form evaluations, and
the sweet-spot hold torque provides a certified fallback.

For a practitioner, the certificate turns a delay known only
as an interval into a guarantee: it wraps any allocation QP,
takes microseconds, and matched the tracking error of an
uncertified predictor when the floor was compatible with the
mission. It pays off when demands may exceed the design
envelope or ESCs switch at different instants, where the
predictor alone violated the floor; otherwise the predictor
was safe, and local Lipschitz margins can be cheaper at high
gains, without a guarantee.

Limitations. The guarantee needs the rotor model of [8],
a certified start, hard delay bounds including computation,
no reordering or dropped packets, and exact arithmetic; with
measurement error, only the last certified plan is guaranteed,
on the nominal readiness. The evidence is simulation of one
hexarotor. Next steps are flight tests with measured ESC
delays, and a wrench-preserving backup.
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